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Abstract 

We construct the quantum oscillator interacting with a constant magnetic field on complex projective 
spaces (DP^, as well as on their non-compact counterparts, i. e. the A'^— dimensional Lobachewski 
spaces jCn. We find the spectrum of this system and the complete basis of wavefunctions. Surprisingly, 
the inclusion of a magnetic field does not yield any qualitative change in the energy spectrum. For 
A'^ > 1 the magnetic field does not break the superintegrability of the system, whereas for A'' = 1 
it preserves the exact solvability of the system. We extend this results to the cones constructed 
. - . over (DP^ and Cn, and perform the (Kustaanheimo-Stiefel) transformation of these systems to the 

\l , three-dimensional Coulomb-like systems. 

o: 

^N ' Introduction 

^ , The harmonic osciUator plays a fundamental role in quantum mechanics. On the other hand, there are 

1—^ ' few articles related with the oscillator on curved spaces. The most known generalization of the Euclidian 

fvi , oscillator is the oscillator on curved spaces with constant curvature (sphere and hyperboloid) PP given 

^SJ ' by the potential 

' 2 2 2 

^H ! ^Higgs = -^ — ^ ex^ + xl^rl, e = ±1. (1) 

►-j>. , ^ ■''0 

^^ ' This system received much attention since its introduction (see for a review j2| and refs. therein) and is 

OO , presently known under the name of "Higgs oscillator" . 

" ' ' Recently the generalization of the oscillator to Kahler spaces has also been suggested, in terms of the 

^^ , potential |3] 

■^ ; Vosc = co^g^'daKdbK. (2) 

^^ ' Various properties of the systems with this potential were studied in Refs. El El El- It was shown 

^S^ . that on the complex projective spaces CP^ such a system inherits the whole set of rotational symmetries 

I ' and a part of the hidden symmetries of the 2iV— dimensional flat oscillator P]. In Ref. ^, the classical 

Mh. solutions of the system on CP^, £2 (the noncompact counterpart of CP^) and the related cones were 

presented, and the reduction to three dimensions was studied. Particulary, it was found that the oscillator 

on some cone related with CP^ (£2) results, after Hamiltonian reduction, in the Higgs oscillator on the 

three-dimensional sphere (two-sheet hyperboloid) in the presence of a Dirac monopole field. In Ref. |S] 

we presented the exact quantum mechanical solutions for the oscillator on CP^, £2 and related cones. 

^H ' We also reduced these quantum systems to three dimensions and performed their (Kustaanheimo-Stieffel) 

transformation to the three-dimensional Coulomb-like systems. The "Kahler oscillator" is a distinguished 

system with respect to supersymmetrisation as well. Its preliminary studies were presented in [HlEl- 

In this paper we present the exact solution of the quantum oscillator on arbitrary-dimensional (DP , 
£jv and related cones in the presence of a constant magnetic field. The study of such systems is not merely 
of academic interest. It is also relevant to the higher-dimensional quantum Hall effect. This theory has 
been formulated initially on the four-dimensional sphere [71 and further included, as a particular case, 
in the theory of the quantum Hall effect on complex projective spaces jHl (see, also jHl)- The latter 
theory is based on the quantum mechanics on CP^ in a constant magnetic field. Our basic observation 
is that the inclusion of the constant magnetic field does not break any existing hidden symmetries of the 
CP^-oscillator and, consequently, its superintegrability and/or exact solvability are preserved. 

To be more concrete, let us consider first the (classical) oscillator on IFt,^^ = C^. It is described by 
the symplectic structure 

flo = diTa A dz° + difa A dz" (3) 

and the Hamiltonian 

"H = TTTf -I- uj'^zz. (4) 
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It has a symmetry group U{2n) given by the generators of S0{2n) rotations 



26 
and the hidden symmetries 



Jib = ^"^6' '^ab ^ ^"'^b, Jab = *^''^a - iTTbZ" (5) 



Itb = -^a^b + L0^Z''Z\ I- = ^a^b + Uj"" z'^ z\ (6) 

lab = TTaTfb + Lo"^ z" z'' . (7) 

The oscillator on the complex projective space CP'^ (for iV > 1) [^ and the one on Lobacewski space 
Ln are defined by the same symplectic structure as above, see eq. (|3Jl, with the Hamiltonian 

The choice e = 1 corresponds to CP'^, and e = — 1 is associated to Cn- This system inherits only part of 
the rotational and hidden symmetries of the C^-oscillator given, respectively, by the following constants 
of motion: 

T+ T- 2 2 

J,j, = i{z\a-^b-z''), 45 = 2^^ + ^zV, (9) 

where J^ = iTTa + ie{zTT)z'^, J^ = J+ are the translation generators. It is clear that J^i defines the U{N) 
rotations, while I^i is just a CP^ counterpart of (jT)). 

In order to include a constant magnetic field, we have to leave the initial Hamiltonian unchanged, and 
replace the initial symplectic structure (j^J by the following one: 

nB = n + iBg^ldz'' Adz'', (10) 

where g^i is a Kahler metric of the configuration space. It is easy to observe, that the inclusion of a 
constant magnetic field preserves only the symmetries of the C'^-oscillator generated by J^j, and I^j,. On 
the other hand, the inclusion of the magnetic field preserves all the symmetries for the oscillator on CP'^. 
Hence, in the presence of a magnetic field the oscillators on C'^ and CP'^ look much more similar, than 
in its absence ^. Hence we could be sure that the CP'^- oscillator preserves its classical and quantum 
exact solvability in the presence of a constant magnetic field. 

Below, we formulate the Hamiltonian and quantum-mechanical systems, describing the CP^- and Cn- 
oscillators in the constant magnetic field and present their wavefunctions and spectra. We also extend 
these results to the cones and discuss some related topics. 

Oscillator in a constant magnetic field: CP^ and Cn 

The classical Kahler oscillator in a constant magnetic field is defined by the Hamiltonian 

W = .g°'7r„^h + w V^ai^b , (11) 

and the Poisson brackets corresponding to the symplectic structure H10|l 

{TTa,z''} = Sl, {7fa,z''} = (5^, {na,nb} = iBg^-^. (12) 

Its canonical quantization assumes the following choice of momenta operators: 

^a = -I inda + BKa/2) , ^a=-i [hda ~ BKa/2) , (13) 

^Notice, that in |3], because of arithmetic mistake in calculations, it was wrongly stated that the inclusion of a constant 
magnetic field breaks the hidden symmetries of the oscillator on (DP'*. 



where da = d/dz°-, da = d/dz°-, Ka ~ dK/dz"', Ka = dK/dz°'. ^ The quantum Hamiltonian looks 
similar to the classical one 

^ = ^g^^^a^h + ^b^a) + LO^g'^^K-aKb. (14) 

In the specific case of the complex projective space CP^ and its noncompact version, i.e. the Lobacewski 
space Cn, we have to choose 

i^ = jLlog(i + ezz-), Ka^'-^-^.. K-a='f-^_. (15) 

2e 2e 1 + ezz 2e 1 + ezz 

The scalar curvature R is related with the parameter Tq as follows: R — 2eN{N + l)/rQ. These systems 
possess the u{N) rotational symmetry generators 

J,j, = teiz'na - z'^^b) + ^e{z'^7f, - z-^,)5^'> - —^ -—^ ^ , (16) 



1 + ezz 



and the hidden symmetry defined by the generators 



7+ T^ -A- T^ r 



' r 



where J^ are the translations generators 

J+ =i^a+iez''{z^)^ "} l_ _ , J- = -i^a-i^z\z^)- "} I _ . (18) 

The Hamiltonian (|14l) could be rewritten as follows: 



2rl 



h^ \ (l + ex2-)Ar+i 5 / ^2JV-i Qx 4(1 + ^3,2) ^^ ■ 



2.2Ar-i fe V(l + ea;2)^-i9a; 



'-3' + e{l + ex'){2J^ + ^Y 



'2r, 



-^■^^ (19) 



'0 



where 

x = \z\, MB = ^, 2 Jo = z"aa - z^aa, (20) 

^2 ^ ^ 

J is the quadratic Casimir of the SU{N) momentum operator for the A^ > 1, and J = Jo for A^ = 1. In 
order to get the energy spectrum of the system, let us consider the spectral problem 

n^^E^, Jo^^s*, J2* = j(j + Ar-l)1'. (21) 

It is convenient to pass to the 27V— dimensional spherical coordinates {x, (f>i), where i — 1, . . . , 2N— 1, x is 
a dimensionless radial coordinate taking values in the interval [0, oo) for e = +1, and in [0, 1] for e — —1, 
and (pi are appropriate angular coordinates. The convenient algorithm for the expansion of "Cartesian" 
coordinates to the spherical ones is described in Appendix. In the new coordinates the above system 
could be solved by the following choice of the wavefunction: 

^ = ib{x)Dl{^,), (22) 



■^It is easy to see, that these operators are not Hermitian with respect to the scalar product 

(*.*)^ /*(..),. (.%[....], ..det,., 

In order to make the momenta operators Hermitian, we have to replace them as follows: 

^ ^ ih dg -^ ^ ih dg 

7I"a ^ Ta — — jT^a ^' T^a — — ■ 

2 dz'^ 2 (9f<" 



where D^ {(pi ) is the eigcnfunction of the operators J^ , Jo . It could be exphcitly expressed via 2 A^~dimensional 
Wigner functions, Di{(pi) — J2m- '^™i^\m~i\ s('^i)^ where j, rrii denote total and azimuth angular mo- 
menta, respectively, while s is the eigenvalue of the operator Jq 

m„ s - -J, -J + 1, . . . , J - 1, J J - 0, 1/2, 1, . . . (23) 

Now, we make the substitution 

tanK^ me-/^^y^ 

^/i ' ^ (sin[V^0])^-i/2(cos[Vi0])i/2 ^ ' 

which yields the the following equation: 

r+.(^-ii^-il^)/ = o, (25, 

V sm^ [^/e0] cos^ [^6] J 



^^2^_^a^^^,_^^^,^ ^^.^ + (2. + ^)', ,, = 2,+A^-l. (26) 



where 

The regular wavefunctions, which form a complete orthonormal of the above Schroedinger equation, are 
of the form 

r CsinJi^^6'cos''6'2-Fi(-n,?i + '^ + ji + I;ji + l;sin2 6'), fore= 1 
^ ^ \ Csinh^i"^ 6lcosh-'^+^" 9 2Fi{-n, -n + (5,ji + 1, tanh^ 6*), for e == -1, ^ ' 

where n is the radial quantum number with the following range of definition: 



0, 1, . . . , oo for e = 1 

0,1,..., n™^ = [((5 - ji - l)/2] for e = -1. 



(28) 



The normalization constants are defined by the expression 



r^^n!r^(ji + l) 2 ^ / (2ri + ji + 1 + J)r(n + ji + 1 + (5)/r(7i + 1 + <5), for e = 1, 
r(n + ji + l) 1 (^-2n-ji-l)r(5-n)/r(<5-n-ji), for e = -1 . ^^''^ 



The energy spectrum reads 
or, explicitly, 



E = (271 + 2j + TV + tbf , (30) 



I^n+j.,s — „ 2 



2 4 

(2n + 2j + /V + eJ)^ - f ^^ + iV^ + ^s^ 



(31) 



The magnetic flux [Ib is quantised for e — \ and nonquantized for e — — 1. In the flat limit Tq — > cx) we 
get the correct formula for the 2A'^-dimensional oscillator energy spectrum 



^2 

^ft,, =?iyw2^^(n + Ar) + riBos, n = 0,l,2,..., (32) 

i.e. 71 = 271 + 2j becomes the "principal" quantum number. 

Thus, we get the following wonderful result: the inclusion of a constant magnetic field does not change 
the degeneracy of the oscillator's spectrum on CP^ and Ljs;. For A^ = 1, i.e. on the complex projective 
plane and Lobacewski plane, s — j, hence the spectrum is nondegenerate. For A'^ > 1 the spectrum 
depends on s and 77 = 27i + 2j, i.e. it is degenerate in the orbital quantum number j. This degeneracy 
is due to the existence of a hidden symmetry. On the other hand, for N = 1 the complex projective 
plane/Lobacewski plane coincides with the sphere/two-sheeted hyperboloid, while on these spaces there 
exists an oscillator system (Higgs oscillator) which possesses a hidden symmetry ^]. However, the inclu- 
sion of the constant magnetic field not only breaks the hidden symmetry (and the degeneracy of the energy 



spectrum) of that system, but makes it impossible to get the exact solution of its Schroedinger equation. 
So, opposite to the Higgs oscillator case, the Kahler oscillator on the two-dimensional sphere/hyperboloid 
behaves, with respect to the magnetic field, similarly to the planar one. 

In free particle limit, i.e. for uj = 0, the energy spectrum is described by the principal quantum 
number J, which plays the role of the weight of the SU{N + 1) group (when e — 1), and the SU{N.l) 
group ( when e = —1). For example, when e = 1, the energy spectrum is of the form 

En+,^s^-J{J + N)--^fil, j = n + j + \s+f^\, j>\s\. (33) 

As it is seen, the ground state becomes degenerate: the lowest value of J is equal to |/iB|/2 (see jB] for 
details). Just this degeneracy plays a key role in the use of quantum mechanics on CP^ in the theory of 
higher dimensional quantum Hall effect. For the details we refer to [51|^ and related papers. 

Conic oscillator 

Our results could be easily extended to the family of v~ parametric cones (over CP^ and Lj^) defined 
by the Kahler potential 

if =^log(l + e(zz)'^), i/>0; e = ±1. (34) 

The corresponding metric and oscillator potential are given by the expressions 

^"^^ - 2(1 + e[,zzY) (v ''^ zz (1 + ,[z-zY) ' ' )' ^"sc - ^ [zz) . (35) 

Introducing 

^ ' Vi ' ^ (sin[Vi0])^-i/2(cos[Vi0])i/2 ^-""^ 

and proceeding in a way completely similar to the previous case, we arrive to the equation (|25|l . where 
E is defined as in (|26|) . while the parameters i5 and ji look as follows: 

,.^^,A£+My f,.ei±i^,^-iU-,r-'A. (37) 

Thus, the wavefunctions and energy spectrum of the conic oscillator are defined, respectively, by the 
expressions (|?7|) . ((^ and (|^ . The normalization constants Ccone are of the form Ccone = C/v^^^, 
where C are defined by the expressions if^ . 

Explicitly, the energy spectrum of the conic oscillator reads 



E -^' 

"■^■^"2r2 



4s^ 






J^(5(2n + ji + l) + aBo-. (38) 



KS-transformation 

There is a well-known Kustaanheimo-Stiefel (KS) transformation JU] relating the four-dimensional oscil- 
lator with the three-dimensional Coulomb (and MIC-Kepler j^]) system. It allows for a straightforward 
extension to the oscillator on four-dimensional sphere S"' and two-sheet hyperboloids IH4 jj^li as well as 
on the CP^, £2 and related cones |S]. The KS-transformation of the oscillator on 5"', IH4, CP^, £2 yields 
the MIC-Kepler system on the three-dimensional two-sheet hyperboloid. The KS transformation of the 
oscillator on the cones over CP^ and £2 results in the MIC-Kepler system on the three-dimensional cones 
over IH3 equipped with the metric (see for details) 






Km = T . J::' . Ro-rl (39) 



The Hamiltonian of the system is given by the expression 



Ha^7c = -^T^tVgg ^TTj + s n - — -^, (40 



where 

.- sA(y), [7rj,7rj] = hseijk- 

The coordinates of the initial and final systems are related as follows 



%n^^_ - sA(y), ^i,TT.j\ = hseijk — - (41) 



y=(v/TT7PF-i)'"'(^ (42) 

The energy and coupling constant 7 of this system are defined by the energy and frequency of the 
respective four-dimensional oscillator. The quantum number s = 0, ±1/2, 1, . . . becomes a fixed parameter 
(the "monopole number"), and instead of H23() one has 

.7 = |.s|,|s| + l,...; m = -j,-j + l,...,j-l,j. (43) 

It appears, that applying the KS-transformation to the four-dimensional oscillator in a constant magnetic 
field, we have to get the modification of the MIC-Kepler system on the three-dimensional hyperboloid 
(and related cones), which nevertheless remains superintegrablc (exactly solvable). 

Surprisingly, repeating the whole procedure, one can find that the inclusion of the magnetic field in 
the initial system yields, in the resulting system, a redefinition of the coupling constant 7 and the energy 
£ only 

7= — - + ^-(1- — )-— ns, ^2E = uj+ — — + — {1 + 2— ) + ^^hs. 44) 

2 Tq v^ 2v Tq Tq v^ TqV 

Using the expressions (|27ll , one can convert the energy spectrum of the oscillator in the energy spectrum 
of the MIC-Kepler system 

^ 2(7-e;i,^(2n + .n + l)V(4J?o))' _ £7 ^ 

h\2n + 2i + ^? i?o 2i?2' ^^^^ 

where j'l is defined by the expression H37|l . 

Summary and Conclusion 

Let us summarize our results. We have shown that the inclusion of a constant magnetic field preserves 
the hidden symmetries of the oscillator on the complex projective space CP^, in its noncompact version, 
i. e. the Lobacewski space Lt^. We constructed the complete basis of the wavefunction of these systems 
and their spectra and found that the inclusion of a constant magnetic field does not change the qualitative 
quantum properties of those systems. Particulary, the inclusion of the magnetic field does not change the 
degeneracy of the energy spectra. These results are extended to the oscillators on cones related with CP^ 
and £jv. In some sense, we have shown that the oscillators on CP^ and Lj<! (with and without constant 
magnetic field) are more similar to the oscillator on C^ in presence of the constant magnetic field, than 
to the one in its absence. Another observation concerns the reduction of the four-dimensional oscillator 
and the three-dimensional Coulomb-like system (KS transformation): we found, to our surprise, that the 
oscillators with and without (constant) magnetic fields result in the equivalent Coulomb-like systems. 
Notice, that for the TV = 1 our system remains exactly solvable in the presence of magnetic field, though 
it has no hidden symmetries. In opposite to our model, the well-known Higgs oscillator on CP'^ and .Cat, 
looses its exact solvability property in the presence of constant magnetic field, while in it absence it has a 
hidden symmetries. So, one can suppose, that considered system would preserve the exact solvability also 
in noncommutative case. Such a modification seems to be interesting due to the interesting rotational 
properties of noncommutative quantum mechanics in the constant magnetic field, observed at first for 
the planar case J3] and later on extended to the two-dimensional sphere and hyperboloid ^j. While 
the noncommutative planar oscillator with constant magnetic field remains superintegrable ^S], on the 
noncommutative spheres and hyperboloids only the particle systems without potential terms |15lll()| . 
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Appendix: The choice of the angular coordinates 

It is convenient to pass to spherical coordinates by the use of the so-called "Smorodinsky's trees method" . 
Let us illustrate this method on the simplest cases of A^ = 2 and A = 3. Its extension to higher dimensions 
is straightforward. For choosing the appropriate angular coordinates we build Smorodinsky trees (figQ). 





N=2 



N=3 



Figure 1: Smorodinsky trees for the cases N=2 and N=3. 

By means of these trees we express the Cartesian coordinates xi, . . . , X2n , via spherical ones, x, 0^ 
by the following rules. The ends of the top of the branches mark Cartesian coordinates. The stock 
corresponds to the radial coordinate x. Each node marks some angle (pi. The angles marked by the 
top nodes have the range of definition [0, 27r), the remaining angles have the range of definition [0, 7r/2). 
For the expansion of Cartesian coordinates in spherical ones we have to go to each top starting from 
the stock. When we are passing through a node (denoting the angle) to the left, we must write cos(/), 
whereas when passing through a node to the right, we must write sin0. 

Explicitly, one has 
for A = 2 



zi — xi+ix2, Z2 = X3 + ix4; 

xi = xcos[/3/2] cos[(a -I- 7)/2], 2:2 = xcos[/3/2] sin[(a + 7)/2] 
X3 = a;sin[/3/2] cos[(q: — 7)/2], ^4 = xsin[/3/2] sin[(Q! — 7)/2]. 
/3e[0,7r), ae[0,47r), 7 e [0, 27r) 



(46) 



for A = 3 



zi = 2:1-1-22:2, Z2 = 2:3 H- ZX4, Z3^X5 + txe; 

xi = 2COs[6'/2]cos[/3/2]cos[(a-f7)/2], 2:2 = 2;cos[6l/2] cos[/3/2] sin[(a + 7)/2], 
2:3 = 2; cos[6'/2] sin[/3/2] cos[(a - 7)/2] , 24 = 2: cos[6'/2] sin[/3/2] sin[(Q: - 7)/2] . 
25 = 2sin[6i/2]cos[A/2], 25 = 2;sin[6l/2] sin[A/2]. 
^,6le[0,7r), a,Ae[0,47r), 7 e [0, 27r) 



(47) 



In these coordinates the operators J an Jq look as follows: 
for A^ = 2 



for A^ = 3 



•h 



1 d f . ^d 

smp- 



sin [3 dp 



1 



dp) sin2/3 






— 2 ^ 2cosp-; 



dadj 



Jo = -«-^7 

oa 



1 



cos2[e'/2] 

1 92 



1 5 /. ^9 

smp— — 



sin /3 9/3 



a/3; sin2/3 



92 ^_2c .5 ^' 
9a2 972 dadj 



sin^ [6'/2] 9A2 cos3 [9/2] sm[9/2] 86 
d_ d_ 
da dX 



^cos3[0/2]sin[0/2]— ,, 



Without efforts this algorithm could be applied for any finite N. 



(48) 



(49) 
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